We study the cyclic presentations with relators of the form xixi+mx −1 i+k and the groups they define. These "groups of Fibonacci type" were introduced by Johnson and Mawdesley and they generalize the Fibonacci groups F (2, n) and the Sieradski groups S(2, n). With the exception of two groups, we classify when these groups are fundamental groups of 3-manifolds, and it turns out that only Fibonacci, Sieradski, and cyclic groups arise. Using this classification, we completely classify the presentations that are spines of 3-manifolds, answering a question of Cavicchioli, Hegenbarth, and Repovš. When n is even the groups F (2, n), S(2, n) admit alternative cyclic presentations on n/2 generators. We show that these alternative presentations also arise as spines of 3-manifolds.
Introduction
Let F n be the free group of rank n ≥ 1 with generators x 0 , . . . , x n−1 and let w = w(x 0 , . . . , x n−1 ) be a word in F n and let θ : F n → F n be an automorphism given by x i → x i+1 (subscripts mod n). The presentation G n (w) = x 0 , . . . , x n−1 | θ i (w) (0 ≤ i ≤ n − 1)
is called a cyclic presentation, and the group G n (w) that it defines is a cyclically presented group. Since cyclic presentations are balanced (that is, they have an equal number of generators and relations) the questions as to which cyclic presentations are spines of 3-manifolds and which cyclically presented groups are fundamental groups of 3-manifolds arise and have been considered by many authors (see, for example, [5] ). For instance, in [11] , Dunwoody provides an algorithm to determine if a cyclic presentation is the spine of a 3-manifold. There is a large body of literature showing that certain cyclic presentations arise as spines of 3-manifolds, which hence define fundamental groups of 3-manifolds (see, for example, [6] , [27] and the references therein). Conversely, many theorems show that certain cyclic presentations do not define the fundamental groups of hyperbolic 3-orbifolds (in particular 3-manifolds) of finite volume (see, for example, Theorem 3.1 of any of [31] , [1] , [8] , [6] , or see [41] ). We contribute to this theory by studying one three-parameter family in detail, namely the cyclic presentations G n (m, k) = G n (x 0 x m x −1 k ) (where n ≥ 1, 0 ≤ m, k ≤ n−1) and the groups G n (m, k) they define.
The groups G n (m, k) are known as the groups of Fibonacci type G n (m, k) and were introduced in [26] . Their presentations G n (m, k) generalize the presentations F (2, n) = G n (1, 2) of the Fibonacci groups F (2, n) and the presentations S(2, n) = G n (2, 1) of the Sieradski groups S(2, n) of [40] and the presentations H(n, m) = G n (m, 1) of the groups H(n, m) studied in [15] . Together with the cyclic presentations G n (x 0 x k x l ) studied in [8] , [12] they form the triangular cyclic presentations -that is, cyclic presentations where the relators have length three. The groups G n (m, k) have been studied for their algebraic properties in [1] , [7] , [15] , [24] , [26] , [43] , [44] -see [45] for a survey of such results. In this article we study geometric and topological aspects of the groups G n (m, k) and their presentations.
Our starting point is two results concerning the Fibonacci and Sieradski cases. The first is that if n ≥ 2 is even then F (2, n) is the spine of a closed 3-manifold and hence F (2, n) is the fundamental group of a closed 3-manifold [18] , [20] , [21] , [9] -see Theorem 1. The second is that if n ≥ 2 then the presentation S(2, n) is the spine of a closed 3-manifold and hence S(2, n) is the fundamental group of a closed 3-manifold [40] , [4] -see Theorem 2. Motivated by these results, in [5, Problem 6] Cavicchioli, Hegenbarth and Repovš asked which presentations G n (m, k) are spines of closed 3-manifolds. Related to this is the question as to which groups G n (m, k) are fundamental groups of closed 3-manifolds. With the exception of the (known to be challenging) groups H(9, 4), H(9, 7) we answer the second question in Theorem A, and this allows us to completely answer the first question in Theorem B.
These theorems show that the only cases where spines are possible are in the cases of the Fibonacci and Sieradski presentations of Theorems 1,2, and the only cases where the group is the fundamental group of a 3-manifold are the cases of the corresponding Fibonacci and Sieradski groups and when it is a finite cyclic group. Contained within this classification is the result (Theorem 3) that for odd n ≥ 3 the group F (2, n) is the fundamental group of a 3-manifold only when n = 3, 5, or 7 (in which case it is cyclic). It has previously been observed ([9, page 55]) that the presentation F (2, 3) is the spine of a closed 3-manifold and the presentations F (2, 5), F (2, 7) are not spines of 3-manifolds and so we can conclude that F (2, n) is the spine of a manifold if and only if n = 3 or n is even, confirming the expectation expressed in [9, page 55 ].
An alternative presentation of the Fibonacci group F (2, 2m) was obtained in [28 1 ) of the Sieradski group S(2, 2m). In Theorem C we prove that these alternative presentations are also spines of 3-manifolds.
3-manifold groups
By a 3-manifold group we mean the fundamental group of a (not necessarily closed, compact, or orientable) 3-manifold. A 2-dimensional subpolyhedron P of a compact, connected, 3-manifold with boundary M is called a spine of M if M collapses to P . A 2-dimensional subpolyhedron P of a closed, connected, 3-manifold M is called a spine of M if M \IntB 3 collapses to P , where B 3 is a 3-ball in M . (See, for example, [32] .) We shall say that a finite presentation P is a 3-manifold spine if its presentation complex K P is a spine of a (not necessarily closed, compact, or orientable) 3-manifold. Clearly if P is a 3-manifold spine then the group it defines is a 3-manifold group. In this section we classify which groups G n (m, k) are 3-manifold groups.
The following theorems assert that if n ≥ 2 is even then the Fibonacci group F (2, n) is a 3-manifold group and its presentation F (2, n) is a 3-manifold spine and that if n ≥ 2 then the Sieradski group S(2, n) is a 3-manifold group and its presentation S(2, n) is a 3-manifold spine. Using new methods these theorems have recently been reproved in [3, Theorem 5.4] , where some history of these results is also described.
Theorem 1 (( [18] , [20] , [21] , [9] )). For each even n ≥ 2 the presentation complex of F (2, n) is the spine of a closed 3-manifold. Moreover, it is the spine of the n/2-fold cyclic cover of S 3 branched over the figure eight knot, and this is the unique closed prime 3-manifold for which F (2, n) is a spine.
Theorem 2 (( [40] , [4] )). For each n ≥ 2 the presentation complex of S(2, n) is the spine of a closed 3-manifold. Moreover, it is the spine of the n-fold cyclic cover of S 3 branched over the trefoil knot.
By considering covers and connected sums we have that a free product G 1 * G 2 is the fundamental group of a 3-manifold if and only if G 1 and G 2 are fundamental groups of 3-manifolds. Further, using [17, Theorem 1], we have that G 1 * G 2 is the fundamental group of a closed 3-manifold if and only if G 1 and G 2 are fundamental groups of closed 3-manifolds. In the case of finitely generated groups, by [38] , we have that G 1 * G 2 is the fundamental group of a compact 3-manifold if and only if G 1 and G 2 are fundamental groups of compact 3-manifolds.
By
. For this reason we can divide our theorem into a statement about the groups H(n, m) and a statement about the groups G n (m, k) where the parameters satisfy (n, m, k) = 1, (n, k) > 1 and (n, m − k) > 1. Note that these latter conditions imply that n ≥ 6, m = k, m = 0 and k = 0. We prove
(b) Suppose n ≥ 1, (n, m) = (9, 4), (9, 7) . Then H(n, m) is a 3-manifold group if and only if the pair (n, m) is one of the following:
(ii) (n, 1) in which case H(n, m) = 1;
While we are unable to deal with the groups H(9, 4), H(9, 7), Theorem 3.1 of [1] gives that they are not the fundamental groups of hyperbolic 3-orbifolds (in particular, 3-manifolds) of finite volume. Further, in Lemma 6 we shall show that the presentations H(9, 4), H(9, 7) are not 3-manifold spines. It therefore seems unlikely that either H(9, 4) or H(9, 7) is a 3-manifold group. It is not known whether the groups H(9, 4), H(9, 7) are finite or infinite, or if their presentations H(9, 4), H(9, 7) are aspherical (that is, if their presentation complexes are topologically aspherical).
A group G is of type FK if there is a finite aspherical cell complex K(G, 1) whose fundamental group is isomorphic to G. If G is of type FK then its Euler characteristic χ(G) is defined to be the Euler characteristic of a K(G, 1). An immediate corollary of [37, Theorem 2] is that if G is of type FK and χ(G) ≥ 1 then G is a (virtual) 3-manifold group if and only if G = 1. In particular, if G = π 1 (K P ) = 1 where K P is an aspherical presentation complex of a finite balanced presentation P, then G is not a 3-manifold group. (Moreover, since groups defined by aspherical presentations are torsion-free it also follows that G is not the fundamental group of any 3-orbifold.) This is a useful tool for us as, with the exception of the presentations H(9, 4), H(9, 7), the aspherical presentations G n (m, k) have been classified in [15] , [43] .
The presentations F (2, n) are not aspherical. We now show that, nevertheless, if n is odd then F (2, n) is rarely a 3-manifold group.
Theorem 3. If n ≥ 3 is odd then F (2, n) is a 3-manifold group if and only if
Proof. If n = 3, 5, or 7 then G = F (2, n) is a finite cyclic group so assume that n ≥ 9 is odd. Let g = x 0 x 1 . . . x n−1 . We have that ab is finite and for n ≥ 9 the group G is infinite (see [34] , [23] , [10] , [42] ) so G ∼ = G ab and hence g is an element of G of order 2. Suppose that G is the fundamental group of a 3-manifold M . Since G/ g ∼ = G ab we have that g ∈ [G, G] and hence g is orientation preserving and so g ∼ = Z 2 is an orientation preserving subgroup of G = π 1 (M ) of finite order. Then by [13, Theorem 8.2 ] (see also [19, Theorem 9 .8]) we have that M = R#M 1 , where R is closed and orientable, π 1 (R) is finite, and g is conjugate to a subgroup of π 1 (R). Since G is infinite we have that π 1 (M 1 ) = 1 and since it is a 2-generator group, Gruško's Theorem implies that π 1 (R) and π 1 (M 1 ) are each cyclic. But the derived subgroup of a free product of cyclic groups is free contradicting our deduction that g ∈ [G, G] is an element of order 2.
The classification in [15] gives that the presentations H(6, 3), H(7, 3), H(7, 5), H(8, 3), H(9, 3), H(9, 6) are not aspherical. Again, we can show that the corresponding groups are not 3-manifold groups.
Lemma 4. The following groups are not 3-manifold groups:
Proof. For H(6, 3), H(8, 3) and H(7, 3) ∼ = H(7, 5) we use the classification of abelian subgroups of 3-manifold groups given in [13, Theorem 9.1] (see also, for example [19, Theorem 9.13]). We have that H(6, 3) ∼ = Z , and so H(6, 3) is not a 3-manifold group . A calculation using GAP [14] shows that the third derived subgroup of H(8, 3) is isomorphic to Z 6 3 , and so H(8, 3) is not a 3-manifold group. Using quotpic R.M.Thomas showed (see [15, Theorem 7.3] ) that the second derived subgroup of H(7, 3) ∼ = H(7, 5) is isomorphic to Z 8 , and so H(7, 3) ∼ = H(7, 5) is not a 3-manifold group.
Consider now the group H = H(9, 3) (which, as noted in [15] , is isomorphic to H(9, 6)). Using the van Kampen diagram given in [45, Figure 2] we may see that, setting g = x 0 x 4 x 8 x 3 x 7 x 2 x 6 x 1 x 5 the relation g 2 = 1 holds in H = H(9, 3). A calculation in GAP gives that H(9, 3)/ g is a finite group of order 2 15 · 7, and since H(9, 3) is infinite [7, Lemma 15] we deduce that g is an element of order exactly 2 in H.
Suppose for contradiction that H is a 3-manifold group. Since H is finitely presentable there is a compact 3-manifold M with π 1 (M ) ∼ = H ([38]). We have that H ab ∼ = Z 7 and hence there is no epimorphism of H onto Z 2 , so M is orientable. Let M = M 1 # . . . #M l be the unique prime decomposition of M corresponding to a maximal free product decomposition H 1 * . . . * H l of H. Since M is orientable no M j contains a 2-sided projective plane so, by [19, Corollary 9.9] , each H j = π 1 (M j ) is either finite or torsion-free. Since H is infinite and has non-trivial torsion it must therefore be a non-trivial free product. Another calculation in GAP shows that H has a 3-generator presentation so by Gruško's Theorem at least one of the free factors must be cyclic. But H ab ∼ = Z 7 so we have that H ∼ = Z 7 * Q, where Q is perfect. Then the derived subgroup H ′ , being the free product of 7 copies of Q, must also be perfect, but a calculation in GAP shows that (
The above results, together with the asphericity classifications mentioned earlier, combine to prove Theorem A.
Proof of Theorem A. (a) As described above, by [37, Theorem 2] we may assume that the presentation G n (m, k) is not aspherical. Theorem 2 of [43] gives that (m, k) = 1 and either 2k ≡ 0 mod n or 2(m − k) ≡ 0 mod n, in which case (by [43, Lemma 3] ) G n (m, k) ∼ = Z s , where s = 2 n/2 − (−1) m+n/2 , and so is a 3-manifold group.
(b) If m = 1 then H(n, m) = 1 so we may assume m = 1. By [37, Theorem 2] we may assume that the presentation H(n, m) is not aspherical. Then Theorem 3.2 of [15] gives that (n, m) is one of the following: (n, 0), (n, 2) (n ≥ 2), (n, n − 1) (n ≥ 3), (2t − 1, t) (t ≥ 3), (2t − 2, t) (t ≥ 3), (6, 3), (7, 3), (7, 5) , (8, 3) , (9, 3) , (9, 6) . If (n, m) = (n, 0) then H(n, m) ∼ = Z 2 n −1 (by [ 
, so is a 3-manifold group. In the remaining cases H(n, m) is not a 3-manifold group by Lemma 4.
The groups G n (x 0 x m x −1 k ) belong to the class of groups G ǫ n (m, k, h) considered in [8] . Problem 3.4 of that paper asks for which values of the parameters m, k, h, ǫ the group G ǫ n (m, k, h) is the fundamental group of a closed, connected, orientable 3-manifold for infinitely many n. Theorem A can therefore be viewed as a starting point for answering this question. The cyclically presented groups G n (x 0 x k x l ) considered in [8] , [12] also belong to the class G ǫ n (m, k, h) and so we record without proof the following related result. This can be obtained from the results of [12] together with arguments similar to those used above, and with the fact that non-cyclic metacyclic groups of odd order are not 3-manifold groups (see, for example, [35, page 111] ).
3-manifold group if and only if it is isomorphic to one of the following groups:
(The conditions on the parameters n, k, l that identify when each group occurs can be extracted from [12, Table 1 Similarly, the proof of [1, Lemma 1.3] gives that if (n, k) = 1 or (n, m− k) = 1 then the presentation complex of G n (m, k) is homeomorphic to the presentation complex of H(n, m ′ ) for some m ′ so, as with Theorem A, we may divide the statement into two parts. Note that in part (b) we no longer include the hypotheses that (n, m) = (9, 4), (9, 7) . We use the symbol ≃ to denote homeomorphism of (the presentation complexes) of presentations. (ii) m = 2, in which case H(n, m) ≃ S(2, n);
Theorem B. (a) Suppose
(iii) m = n − 1 and either n = 3 or n is even, in which case H(n, m) ≃ F (2, n).
In Lemmas 6,7,8 we shall show that certain presentations are not 3-manifold spines. In Lemma 9 we show that the presentation H(n, 1) is a 3-manifold spine. The remaining presentations are either 3-manifold spines by Theorems 1,2, or do not define 3-manifold groups, by Theorem A, so are not 3-manifold spines.
Recall that the Whitehead graph of a presentation P = X | R is the graph with vertices v x , v 
The following information can be found in [33] , [39, Chapter 9] . Suppose that P is a presentation such that its presentation complex K P is the spine of a closed 3-manifold M . Then there is a 3-complex C with face pairing such that M is obtained from C by identifying the faces. Moreover, the resulting cell structure on M has a single vertex, a single 3-cell, and 2-skeleton homeomorphic to K P . The Whitehead graph Γ is the link of the single vertex of K P and so embeds in the link of the single vertex of M . The link of the vertex of M is a 2-sphere and so Γ has a planar embedding on this sphere (see also [22, page 33] ). In the case when Γ is connected the 3-complex C is a polyhedron π bounding a 3-ball. Given a planar embedding of Γ there is a one-one correspondence between the faces F of this embedding and the vertices u F of π. This correspondence maps a face The groups defined by the presentations considered in Lemmas 6,7,8 have finite abelianisation of odd order. It this situation it follows from [36, Lemma 1] that if the presentation complex is the spine of a 3-manifold then it is the spine of a closed 3-manifold. In these lemmas we either show that the Whitehead graph is non-planar or we show that the Whitehead graph is connected and has a unique planar embedding and that this planar embedding can be used to show that the polyhedron π does not exist. Either way, the presentation complex is not a 3-manifold spine. H(9, 4), H(9, 7) are not 3-manifold spines.
Lemma 6. The presentations
Proof. We argue that for m = 4 or 7, the Whitehead graph Γ of H(9, m) is nonplanar. We have that Γ is the graph with vertices v 0 , . . . , v 8 1, 2, 4, 5, 7, 8 ) and removing loops leaves the non-planar graph K 3,3 so Γ is non-planar. 
for each 0 ≤ i ≤ n − 1 so there is a unique planar embedding with two n-gons, 
Suppose that (m + n/2, n) = 1. Then there exist integers α, β such that α(m + n/2) + βn = 1, so α(m + n/2) ≡ 1 mod n and α is odd.
For each i, writing j = αi mod n gives that Γ has vertices w j , w
gives the graph with vertices w j (0 ≤ j ≤ n−1) and edges (w j , w j+1 ), (w j , w j+n/2 ), which is non-planar for n ≥ 6. Hence Γ is non-planar and so G n (m, k) is not a 3-manifold spine.
Suppose then that (m + n/2, n) = 2. Then there is a planar embedding of Γ with two n/2-gons
. Moreover, this planar embedding is unique up to self homeomorphism of S 2 . If G n (m, k) is a 3-manifold spine then in the face pairing polyhedron π there are two sink vertices of degree n/2 and n/2 source vertices of degree 2, and the remaining n/2 vertices are of degree 8 and are neither sources nor sinks.
At the i'th source vertex, u i , the two outgoing edges have labels x i and x i+n/2 . The union of the two incident 2-cells is a 2-gon C i whose boundary label is the positive word x i+m x i+m+n/2 . In particular, neither of the vertices of C i is a sink or a source vertex. The incoming edges at the two sink vertices, v even , v odd , are, in cyclic order x 0 , x m+n/2 , x 2m , . . . , x −m+n/2 and x 1 , x 1+m+n/2 , x 1+2m , . . . , x 1−m+n/2 , respectively. The union of the n/2 2-cells incident at v even (resp. v odd ) is an n/2-gon D even (resp. D odd ) with boundary label W even = x m x 2m+n/2 x 3m . . . x −m x n/2 (resp. W odd = x 1+m x 1+2m+n/2 x 1+3m . . . x 1−m x 1+n/2 ). Now D even D odd contains precisely one 2-cell corresponding to each of the relators, as does i C i , so the 2-sphere ∂π must be formed from D even , D odd and the C i (0 ≤ i ≤ n/2 − 1) by identifying similarly labelled 1-cells in their boundaries. However, identifying the 1-cells of ∂D even with the corresponding 1-cells of the ∂C i makes D even ∪ ( i C i ) into an n/2-gon whose boundary label is the reverse of W odd , that is x 1+n/2 x 1−m . . . x 1+3m x 1+2m+n/2 x 1+m . Therefore it is not possible to form the 2-sphere ∂π from this n/2-gon and D odd by identifying the 1-cells in their boundaries, and hence G n (m, k) is not a 3-manifold spine.
Proof.
which is a spine of S 3 by [46] , so assume n ≥ 2. Consider the polyhedron in Figure 1 with face pairings as shown. We shall show that the identification of faces results in a 3-complex M whose 2-skeleton is the presentation complex of H, so M has one 0-cell, n 1-cells, n 2-cells and one 3-cell, so is a manifold by [39 (b) If (n, m) = (9, 4) or (9, 7) then H(n, m) is not a 3-manifold spine by Lemma 6, so assume (n, m) = (9, 4), (9, 7) . By Theorem A we may assume that m = 0 or m = 1 or m = 2 or (m = n − 1 and n = 3, 5, 7 or n ≥ 4 is even) or (n, m) = (5, 3) or (7, 4) or m = n/2 + 1 (where n ≥ 4 is even). In the case m = 0 the presentation H(n, m) is not a 3-manifold spine by Lemma 7. In the cases m = 1 and m = 2 the presentation H(n, m) is a 3-manifold spine by Lemma 9 and Theorem 2, respectively. In the case m = n − 1 we have that H(n, m) is homeomorphic to F (2, n) so when n ≥ 4 is even then it is a 3-manifold spine by Theorem 1 and if n = 3, 5 or 7 then it is a 3-manifold spine if and only if n = 3 by [9, page 55]. In the cases (n, m) = (5, 3) or (7, 4) we have that H(n, m) is homeomorphic to F (2, 5) or F (2, 7), so again is not a 3-manifold spine. In the case m = n/2 + 1 we have that the presentation H(n, m) is not a 3-manifold spine by Lemma 8. 2 x 1 ) of the Fibonacci group F (2, 2m) was obtained. In the same way we can obtain an alternative presentation of the Sieradski group S(2, 2m): F (2, 2m) and consider the polyhedron in Figure 2 with face pairings as shown. We shall show that the identification of faces results in a 3-complex M whose 2-skeleton is the presentation complex of G, so M has one 0-cell, m 1-cells, m 2-cells and one 3-cell, so is a manifold by [39, Theorem I, Section 60]. To this end note that all edges labelled x 2 are identified by the following cyclic of faces identifications:
Fibonacci and Sieradski manifolds revisited
By symmetry, for each 0 ≤ i ≤ m − 1, all edges labelled x i are similarly identified. The initial vertices of the edges labelled x i , namely u i , u i−1 , w i , w i−1 , N are identified and the terminal vertices of the edges labelled x i , namely v i , v i−1 , w i , w i−1 , S are identified. Therefore the resulting complex has one 0-cell, m 1-cells, m 2-cells, and one 3-cell, and so its 2-skeleton is the presentation complex of G, as required.
Consider now the presentation
1 ) of the Sieradski group S(2, 2m) and consider the polyhedron in Figure 3 . We argue as above. The edges labelled x 3 are identified by the following cycle of face identifications: Observe that the polyhedron given in Figure 2 for the presentation G m (x 2 ) given in [18, Figure 1 ]: the former consists of 2m pentagons whereas the latter consists of 4m triangles. Similarly, the polyhedron given in Figure 3 for the presentation G n (x 0 x 1 ) of the Sieradski group S(2, 2m).
